Abstract. Consider a bundle morphism σ : T X → S 2 F , where F is Riemmanian vector bundle over a Riemannian manifold X. We are interested in studying the multiplicity set Mσ, consisting of the non-zero vectors v ∈ T X at which σ(v) has multiple eigenvalues. When σ is the principal symbol of a first order differential operator, then the points in Mσ are associated with special optical phenomena like conical refraction and wave transformations. We restrict our results to the case when F has rank 2 and X is an orientable closed Riemannian surface. We prove that there is a correspondence between the traceless morphisms σ : T X → S 2 0 F and pairs of sections v : X → F and w : X → F ⊗ C F ⊗ C F . This correspondence will help us understand better the structure of Mσ. We will define an index ind(Mσ) ∈ Z for Mσ to describe certain aspects of its behavior, and will provide a formula for ind(Mσ) which involves the Euler characteristic of X. We exemplify our results, in the case when X = S 2 , by constructing morphisms σ : T X → S 2 0 (T X) from holomorphic vector fields on X.
Introduction
Consider a rank k Riemannian vector bundle F over a Riemann manifold manifold X, and let S 2 F be the bundle of symmetric endomorphisms on F . We are interested in studying the multiplicity set M σ of morphisms σ : T X → S 2 F , where M σ = {v ∈ S(T X)|σ(v) has eigenvalues with multiplicity} and S(T X) is the spherisation of T X. Our interest in the multiplicity set comes from geometrical optics, where points in M σ are associated with the appearance of special optical phenomena. More concretely, if for some 1 ≤ i < j ≤ k and v ∈ S(T X) we have that λ i (v) = λ j (v) then (generically) the functions λ i and λ j are non-smooth at v. The non-smoothness of λ i and λ j at such points explain phenomena like that of conical refraction (see [2, pg. 689] , in which a ray splits into a cone after entering certain crystals, or the phenomena of wave transformation (see [1, pg. 223] ) in which longitudinal waves transforms into transversal ones (or viceversa) . From now on we will refer to the morphisms σ : T X → S 2 F as symbols. In this paper we will restrict the study of the multiplicity set M σ for the case when F is orientable and has rank 2, and X is a closed orientable Riemannian surface. The reasons for doing this are as follows: 1 • The fact that F can be seen as a complex line bundle simplify the description of M σ considerably.
• In the more general context of pseudo-differential operators, if the order of the eigenvalue multiplicities is 2, then it is possible (at least locally) to reduce the case when F has arbitrary rank to the case when F has rank 2 (see [4] ).
• We expect that a clear understanding of what happens in this particular case will shed some light on the case where X has arbitrary dimension and F is of arbitrary rank.
The organization of the paper is the following.
• In section 2 we briefly recall how to obtain the morphism σ : T X → S 2 F as the principal symbol of first order differential operators, and explain some of the associated physics.
• In Section 3 we prove in Theorem 3 that M σ = S(T X) ∩ K σ , where generically K σ is a smooth line bundle over a smooth one dimensional submanifold S σ of X, and characterize M σ as the set at which the eigenvalue functions of σ are non-smooth.
• In Section 4 we deal with the case when F = T X. It turns out that the multiplicity set of σ only depends on its traceless part σ 0 = σ − (1/2)tr(σ)I : F → S 2 0 F. In Theorem 7 we construct and study the properties of an isomorphism Φ F from F ⊕ (F ⊗ C F ⊗ C F ) to Hom(F, S 2 0 F ). The isomorphism Φ F establishes a biyection between symbols symbols σ : F → S 2 0 F and pairs of sections v : X → F and w : X → F ⊗ C F ⊗ C F . This correspondence will help us to understand better the structure of M σ . In particular, we will be able to prove that if the genus of X is different from 1 then M σ = ∅ for any symbol σ : F → S 2 F .
• In Section 5 we define the index ind(M σ ) of M σ . Intuitively speaking, ind(M σ ) is a "measure" the number of "turns" of the bundle K σ over S σ . In Theorem 11 we will give a formula for computing ind(M σ ) in terms of the Euler characteristic of X and the indices of the zeros of the gradient of the function f (x) = ||w(x)|| 2 − ||v(x)|| 2 , where v : X → F and w : X → F ⊗ C F ⊗ C F are the sections corresponding to σ.
• In Section 6 we use our results to construct symbols on the sphere from holomorphic vector fields, and compute ind(M σ ) for selected examples.
To put the work of this article in context we refer to the articles [4, 6, 7, 8, 9, 10] , which contain both local and global results related to the multiplicity of eigenvalues of symbols of differential and pseudo-differential operators. As described above, the main results of the paper are Theorems 3, 7 and 11. The several Propositions scattered throughout the sections collect results that will either be used later to prove the main Theorems, or will contain some of the basic properties of the objects of interest.
1.1. Assumptions and notation. For the rest of the paper we will let X stand for a closed oriented surface with a positive definite metric <, > X . We will also assume that F is a Riemannian orientable vector bundle of rank 2 over X. Thee metric on F will denote by <, > F .
Motivation -The Characteristic Equation
Let E be Riemannian vector bundle of rank k over a Riemannian manifold M . For a linear differential operator of degree one L :
where u is a section of E and ϕ is a smooth real valued function in space-time M × R . The above equation leads to the the characteristic equation (see [5, pg. 31] )
where I E : E → E is the identity morphism and σ :
Since L is a differential operator of degree one, for every x ∈ M we have that σ is a linear map from T * x M to End(E x ). We will assume that for all ξ ∈ T * M the endomorphism σ(ξ) is a symmetric operator with respect to the metric in E, i.e for all x ∈ M and ξ ∈ T * x M we have that
When the above condition holds we will say that σ is symmetric. If we denote the bundle of symmetric endomorphisms of E by S 2 E, then σ is a map of the form σ : T * M → S 2 E. In this case, the characteristic equation (2.1) is equivalent to the equations
where the functions λ σ,i : T * M → R are the eigenvalue functions of σ, i.e for each ξ ∈ T * M we have that {λ σ,i (ξ)} 1≤i≤k are the real eigenvalues of the symmetric operator σ(ξ). The functions λ σ,i are positively homogeneous of degree one in the fiber variable, i.e λ σ,i (rξ) = rλ σ,i (ξ) for r > 0. Consider a time-dependent curve
From this last equation and (2.2) we obtain
We conclude that for a point x ∈ M traveling on the wave front (2.3) W c t = {x ∈ M |ϕ(x, t) = c} the component ofẋ(t) normal to the front (know as phase velocity) must be a number in the set to {λ σ,i (d x ϕ(x, t)/|d x ϕ(x, t)| X )} 1≤i≤k (assuming d x ϕ(x, t) = 0). For this reason, we will refer to λ σ,i as a characteristic velocity function of σ. Since X has a metric, we can identify T * M with T M and the symbol σ can then be seen as a bundle morphism from T X to S 2 E.
Multiplicities of Symbols
As mentioned in the introduction of the paper, from now on we will assume that X is a closed oriented Riemannian surface and F an orientable rank 2 Riemannian vector bundle over X. Definition 1. A symbol on the bundle F → X is a morphism σ : T X → S 2 F . The multiplicity set M σ of σ is the set
where λ σ,1 , λ σ,2 : T X → R are the eigenvalue functions of σ, and S(T X) is the spherisation of T X.
A symbol σ can be considered as a section of the bundle Hom(T X, S 2 F ), and we will denote this section byσ : X → Hom(T X, S 2 F ).
Definition 2. We will say that a symbol σ on F → X is traceless if σ(v) ∈ S 2 0 F for all v ∈ T X, where S 2 0 F is the bundle traceless elements in S 2 F.
From an arbitrary symbol σ we can obtain a traceless one σ 0 defined by
which we will refer as the traceless part of σ. The purpose of this section is to prove the following result.
Theorem 3. Consider a symbol σ on the bundle F → X. We have that
where
Furthermore, for generic symbols σ we have that 1. The space K σ is a smooth real line subbundle of T X|S σ , where S σ is a smooth one dimensional submanifold of X defined by
2. The multiplicity set M σ consists of the set of points in S(T X) at which the eigenvalue functions λ σ,1 λ σ,2 : S(T X) → R are non-smooth.
We will refer to K σ as the multiplicity bundle of σ and to S σ as the multiplicity base of σ. To prove Theorem 3 we will need an auxiliary result (Proposition 4), which to state requires the following definitions. We define
Clearly, we have that Proof. The proof is local. We can locally trivialize the bundles T X and F by choosing local orthonormal frames over an appropriate open sets U ⊂ X. In these trivializations the map σ can be written in the form
We have that
is equivalent to the existence scalars
The condition that v is unitary implies thatξ =β(−v 2 , v 1 ) for a scalarβ ∈ R.
Using the above formulas we obtain
We conclude that the transversality condition for σ 0 means that there exists ȧ x ∈ R 2 such that
i is equivalent to the condition f (x) = 0. The transversality conditions onσ 0 are equivalent to 0 ∈ R being a regular value of f , i.e for each point x ∈ f −1 (0) there must existsẋ such that
If f (x) = 0 then we must have that ker(M (x)) > 0. This means that there exists
Hence, the condition df (x)ẋ = 0 is the same as (3.2).
Definition 5. We will say that the symbol σ is generic iff σ 0 is transversal to the zero section of S 2 0 F .
Proof of Theorem 3:
The bundle S 2 F has a Riemannian metric given by
This metric induces a norm function on S 2 F , which for an element A ∈ S 2 F we will denote by ||A||. The eigenvalues of σ 0 are −||σ 0 (v)|| and ||σ 0 (v)||. Hence, the eigenvalue functions of σ are given by the formulas
We conclude that
Now we need to prove that for generic σ the set S σ is a smooth submanifold of X and K σ is a smooth line bundle over S σ . To prove that S σ is generically a smooth submanifold of X consider the following. The condition thatσ 0 is transversal to the stratified manifold
, and we have that
The manifold S(T X) has dimension 3 and [Hom(T X, S
0 F ] 1 is a smooth one dimensional submanifold of X. To prove that K σ is generically smooth line sub-bundle of T X|S σ consider the following. First of all, observe that in the space of traceless symbols the condition of σ|S(T X) being transversal to the zero section of S 2 0 F is clearly a stable condition, but not so clearly a dense condition since σ lives within the class of maps from T X to S 2 0 F that are morphisms (i.e linear maps on each fiber). But the previous discussion and Proposition 4 implies that σ 0 being transversal to the zero section S 2 0 F is is actually generic. It follows that generically M σ is a smooth submanifold of S(T X), since it is the inverse image of the zero section of S 2 0 F under σ 0 . From this and equality 3.5 we conclude that K σ is a smooth line subbundle of T X|S σ . To prove the last part of the proposition we use formulas 3.3 and 3.4, and observe that if σ 0 |S(T X) is transversal to the zero section of S 2 0 F then the function v → ||σ 0 (v)|| is non-differentiable for points v ∈ S(T X) such that σ 0 (v) = 0, i.e over points v in the set M σ .
New Representation of Symbols
In this section we will work with symbols of the form σ : T X → S 2 (T X) (i.e F = T X). In the previous section we saw that all the information regarding the multiplicity set of a symbol is contained in its traceless part. In this section we prove that there is a correspondence between traceless symbols of the form σ : F → S 2 0 F , and pairs of sections v : X → F and w : X → F ⊗ C F ⊗ C F . We will then show how the multiplicity set of σ can be constructed in terms of the sections v and w. As a first consequence of our results, we prove that if the genus of X is different from 1 then for any symbol σ : T X → S 2 (T X) we have that M σ = ∅ (see Corollary 8)
4.1. Preliminaries. We recall some basic facts about principal and associated bundles that we will use in this section. Let P be a principal G-bundle over a smooth manifold M , where G is a Lie group. Recall that for a representation ρ : G → Aut(V ) of G on the vector space V , we have the associated vector bundle
If E is an orientable Riemannian k vector bundle over M , we can recover E as the associated bundle of the principal SO(k) bundle of orthonormal frames on E (which we will denote by P SO(E)) under the standard representation ̺ :
The case that is of interest to us is when F is an orientable Riemannian rank 2 vector bundle over closed orientable surface X. Since SO(2) = U (1) we can consider F as a complex line bundle. We have that
If for n∈ Z + we define
then we have that
We will write the classes of
so that the subindex n indicates that the element belongs to F n . The spaces F n inherit a metric from F , which we will denote by <, > F n , and which can be written using the representation of F n as an associated bundle in the following way
We will denote the norm of an element v ∈ F by ||v||
Proposition 6. Let ρ 1 : G → Aut(V 1 ) and ρ 2 : G → Aut(V 2 ) be representations of G, and φ : V 1 → V 2 an equivariant isomorphism with respect to this representations, i.e
The mapφ :
Proof. From the equivariacẽ 
and if the above condition holds then
Proof. If we identify both S 2 0 R 2 and R 2 with C by letting
then the actions of
given by
We define the map Φ :
by the formula Φ (z + w(1 ⊗ C 1 ⊗ C 1)) (v) = zv + wv. We claim that this is an equivariant R-isomorphism. The map Φ is clearly R-linear, and it is an isomorphism since
and zv + wv = 0 for all v ∈ C implies that z = 0 and w = 0. To prove equivariance we use equations 4.1 and 4.2 to see that
By Proposition 6, the map Φ induces an isomorphism Φ F : F ⊕F 3 → Hom(F, S Observe that the line spanned by v is independent of the choice of the two possible square roots. The fact that v has norm 1 implies that |z| = |w|. If this last condition holds and either w or z vanishes then Φ(z ⊕w(1⊗ C 1⊗ C 1)) = 0. Hence the condition ker(Φ(z ⊕ w(1 ⊗ C 1 ⊗ C 1))) = 1 holds iff |z| = |w| = 0. This concludes the proof of the theorem.
Let Γ(E) stands for the space of sections of the bundle E. The isomorphism of Theorem 7 establishes a bijection
Corollary 8. If the genus of X is different from 1 then M σ = ∅ for any symbol of the form σ : T X → S 2 (T X).
Proof. By the previous theorem, we have that σ 0 = Ψ F (v, w) for sections v : X → T X and w :
The first case implies that w is a nowhere-vanishing section of T X 3 and hencê
implying that g(X) = 0. The second case has the same implication.
For sections v ∈ Γ(F ) and w ∈ Γ(F 3 ) let σ = Ψ F (v, w), and let u : S σ → T X|S σ be the unit tangent field to S σ compatible with its orientation. For n ∈ Z + we define
, so that for x ∈ S σ we can write
for smooth functions z v , z w : S σ → C − {0}. By Theorem 7 we have that if x ∈ S σ then
Definition 9. We will say that the pair (v, w) ∈ Γ(F ) × Γ(F 3 ) is generic iff the associated symbol σ = Ψ F (v, w) is transversal to the stratification {[S 
The Multiplicity Index
In this section we define the index of the multiplicity set M σ . Intuitively speaking, the index of M σ is a "measure" of the number of "turns" of the bundle K σ over the multiplicity base S σ . The main theorem of this section (Theorem 11) provides a formula for computing the index of M σ in terms of the Euler characteristic of X and the indices of the zeros of the gradient of the function f (x) = ||w(x)||
5.1. The main theorem. Consider a symbol σ and its multiplicity set M σ . In order to define the index of M σ we will first need to choose an orientation on M σ . We will do this by choosing and orientation for S σ , and define the orientation on M σ as the one that makes the projection map π : M σ → S σ orientation preserving. We orient S σ as follows. Consider σ = Ψ F (v, w) for a generic pair
, and define
, where the smooth function f : X → R is defined by
The open set S − σ inherits an orientation from that of X, and by Theorem 7 we have that S σ = ∂S − σ . We chose the orientation for S σ as the one of ∂S − σ . We will denote the angular form in R 2 − {0} by dθ, i.e dθ = xdy − ydx x 2 + y 2 .
Definition 10. For a symbol σ : T X → S 2 F we define the index of its multiplicity set M σ by the formula
where µ :
and u : S σ → T X|S σ is the unit tangent field to S σ compatible with its orientation.
For every connected component
If we define ind(M σ |C σ ) by the formula
and enumerate the connected components of S σ by C σ,1 , . . . , C σ,n then we clearly have that
The purpose of this section is to prove the following result.
Theorem 11. Consider a generic pair (v, w) ∈ Γ(T X) × Γ(T X 3 ) and let σ = Ψ F (v, w) be the corresponding symbol. Define f : X → R by
, and let C f be the set of critical points of f . If the set C f ∩ S − σ is finite then we have that
where χ(X) is the Euler characteristic X.
The strategy to prove the above theorem is to establish a connection between the index of M σ and the indices of the zeros of the fields v, w. In the next section we will do the work necessary to establish this connection.
The Index of fields in F
n .
Definition 12. Let F be an oriented Riemannian vector bundle of rank 2 over X. Let C be an oriented curve in X and for n ∈ Z + let v : C → F n |C be a section such that v(x) = 0 for all x ∈ C. We define the index of v by the formula
and u : C → E|C is the unit tangent field to C compatible with its orientation.
Recall the existence of the global angular form ψ F n on F n 0 = F n − 0 F n (see [3, pg. 70] ) with the property that for any orthogonal inclusion i x : R 2 → F n x we have that
The angular form is not in general closed, and in fact we have that (see [3, pg. 73] )
where e(F n ) is the Euler class of F n .
Proposition 13. Consider a section v : C → F n |C such that for all x ∈ C we have that v(x) = 0. We have that
where u : C → E|C is the unit tangent field to C compatible with its orientation.
Proof. Since X is orientable, we can find a tubular neighborhood N of C and an orthonormal frame {U, iU } on F |N such that u = U |C. Consider the map
so that ν v = V U • v, and hence
Since F n |N is trivial and dψ F n |N = e(F n |N ) it follows that ψ F n |N is a closed form and hence determines an element of H 1 (F n 0 |N, R). By the Kuneth formula and property 5.2 we have that
is the orientation class of C that we assume satisfieŝ
and π N : U → C, π F n 0 |N : F n 0 |N → N are the projection maps. The above implies that we can write
Integrating the above equation over S(T x X) for any x ∈ X we obtain a = 2π. We compute b by observing that V U • u n = (1, 0) and π U • π F n 0
• u n = Id, and hence
Hence, if we apply (u n ) * to equation 5.4 and integrate over C we obtain
We conclude that 1 2π
and hence
If we integrate this equation over C we obtain the result of the theorem.
Proposition 14. Consider a smooth function f : X → R having 0 ∈ R as a regular value. Consider a section v : X → F n such that v(x) = 0 for all x ∈ f −1 (0), and let
If the sets Z v ∩ X − f and Z ∇f ∩ X − f are finite, then we have that
Proof. Let B v be the union of small disjoint open balls centered at the zeros of v, and define B f similarly for the critical points of f . We can assume that e(F n ) vanishes on B u ∪ B f (see [3, pg. 124] ), so that
and hencê
By Proposition 13 we have that
and it is easy to see that ind((∇f ) n |∂X − f ) = 0. Using the above formulas and Proposition 13 again, we conclude that
The result then follows by observing that (see [3, pgs. 124-125] )
and the fact that ind (∇f ) n (x) = n ind ∇f (x).
5.3.
Proof of the main theorem. We will use the results of the previous section to prove Theorem 11. But first, we need to establish a connection between the index of M σ and the indices of v and w over S σ .
is a generic pair and we let σ = Ψ F (v, w) then we have that ind(M σ ) = ind Sσ (w) − ind Sσ (v).
Proof. Let u : S σ → T X|S σ be the unit tangent field to S σ compatible with its orientation, and consider a parametrization α :
The maps ν v and ν w in Definition 12 are given by
and hence k v = ind(v|C σ ) and k w = ind Cσ (w|C σ ).
By formula 4.3 we have that
and θ vw (t) = (θ w (t) − θ v (t) + π)/2. Hence, we have that
, It just remains to prove that ind(M σ |C σ ) = 2(θ vw (1) − θ vw (0)). Observe that the map µ of Definition 10 satisfies
If ind(w|C σ ) − ind(v|C σ ) in even then M σ |C σ consists of two connected components parametrized by the maps v + and v − , and hence
If ind(w|C σ )− ind(v|C σ ) is odd then M σ |C σ is connected and we can parametrize it with the map v : [0, 2] → T X|C σ given by
and hence Hence, if we apply Proposition 14 to the above formula we obtain
But by the Poincare-Hopf Theorem we have that
This concludes the proof of the theorem.
6. An Example -The Sphere Case
Consider the unit sphere
with the metric that it inherits as a submanifold of R 3 . We can parametrize the regions D 1 = S 2 − {0, 0, 1} and D 2 = S 2 − {0, 0, −1} using the stereographic projection maps ϕ i : R 2 → D i given by ϕ i (x, y) = (1 + x 2 + y 2 ) −1 (2x, 2y, (−1) i+1 (x 2 + y 2 − 1)).
If we identify R 2 with C in the natural way, then ϕ 2 • ϕ then {e 1 , e 2 = ie 1 } is an orthonormal frame in T (S 2 − {0, 0, 1}).
Proposition 16. Consider a quadratic polynomial Q(z) = a 0 + a 1 z + a 2 z 2 . The holomorphic vector field V Q (z) = Q(z) ∂ ∂x extends to a holomorphic vector field over the whole sphere S 2 .
Proof. We only need to check that the V Q is holomorphic at the point at infinity. We have that Q(z) ∂ ∂x = −w 2 Q(w −1 ) ∂ ∂u = ∂ ∂u which is holomorphic at 0. Hence V Q is smooth at infinity. By Theorem 7, we have that in the z-coordinate system the following holds S Q,P = {z ∈ C|f Q,P (z) = 0} S − Q,P = {z ∈ C|f Q,P (z) < 0} where f Q,P (z) = α 2 (z)(|P (z)| 2 α 4 (z) − |Q(z)| 2 ).
In w-coordinates we have that S σQ,P = {w ∈ C|f Q,P (1/w) = 0}.
S − σQ,P = {w ∈ C|f Q,P (1/w) < 0}
Example 17. Let Q(z) = z 2 and P (z) = 1 for all z ∈ C. We have then that S Q,P = {z ∈ C||z| = 1} and S − Q,P = {z ∈ C||z| > 1}. The field ∇f Q,P has a zero of index 1 at ∞. Using Theorem 11 we conclude that ind(M Q,P ) = 4.
Example 18. Let Q(z) = z 2 and P (z) = (z 2 − 1)(z 2 + 1). In this case we have that S Q,P consists of five circles enclosing 1, −1, i, −i and ∞ (see Figure 6 .1). The set S Q,P consists of the interior of this circles (in the w-coordinates system). The function f Q,P has critical points at 1, −1, i, −i and ∞ and the index of ∇f Q,P at all of these points is 1. Using Theorem 11 we conclude that ind(M Q,P ) = −4.
